A Samuelsonian serendipity theorem for an endogenous growth model is derived. The formula for optimal population growth rate deviates from those of the model with exogenous population growth rates in a third best endogenous growth model of the Lucas type with imperfect international capital movements and human capital externalities. Calibration shows that the effect of variation of the exogenous population growth rates on other variables and the deviation of population growth rates from its optimal value are small. The reason is that labour supply, interest rates and technical change are endogenous. There is not much of an incentive for population growth policy unless Frisch parameters change with ageing.
Introduction
Samuelson [1] re-considered the golden rule of Diamond's [2] two-period version of the neoclassical growth model asking which of the values of population growth rates yields the highest welfare and found a first-order condition which he called the serendipity theorem. Deardorff [3] showed that second-order conditions do not hold when Cobb-Douglas functions are used. Michel, etc. [4] showed that second-order conditions are fulfilled if CES functions for utility and production have elasticity of substitution smaller than unity or else additional conditions may become necessary. Samuelson's [1] result was generalized by Abio [5] , Jaeger [6] , De la Croix, etc. [7] , and Felder [8] in regard to endogenous fertility, exogenous and constant government debt, risky life time and medical T. Ziesemer expenditure. 1 We extend the theorem to endogenous growth with endogenous labour supply, imperfect international capital movements and human capital externalities in a third-best extension of Lucas's [10] model with optimization over all future generations by Gaessler [11] .
The Model
The maximization program for the consumers is ( )
, , , 
The expression above shows the utility function of the entire population, N t , where 0 1 β < < is the subjective discount factor, 0 σ > is the intertemporal elasticity of substitution for per-capita consumption, c t , ϑ is the Frisch parameter for the active part of the population or labour supply, L t , expressed as a share of the population, 0 ξ > is a parameter which measures the disutility of participation in the active population relative to the consumption part of utility.
The households decide between spending their time in production ( ) 
the debt dependent interest rate. Spending on consumption is t t N c , and gross capital investment is ( )
Consumption is not differentiated in regard to age or (not) working. This is implicit in the assumption of equal consumption of all for a given point in time.
By implication, we do not model pay-as-you-go pension systems with defined benefits or contributions [12] but instead forward looking savings and equal consumption, where the latter is a social equilibrium assumption similar to that in [13] .
The economy is assumed to consist of output-producing firms and labor-and 1 An interesting but only slightly related class of problems with endogenous population growth rates is discussed in [9] . The major differences are that in their paper population growth rates appear in the utility function, technical change is exogenous and a closed economy is considered. As our lists of literature are not overlapping we do not try to compare results. 
The demand for physical and human capital is determined in a firm which maximizes profits: 
Equations ( (2) and (3)) represent first-order conditions, equating marginal productivity of labor and capital to wages for efficient labour and rental rates.
In the utility maximization, given the initial value N t , only the level of the population, N t(+i) , appears.
2 It has three effects. Higher N t+1 leads to higher temporary utility N t+1 u t+1 ; any given labour time L t+1 is shared among more people; more people have to be fed with additional consumption N t+1 c t+1 .
This condition is similar to that of [7] , Equation (6), to which [8] has added the impact of medical expenditures and we add the labour supply term on the right-hand side. Collecting terms and dropping time indices t + 1 yields ( ) ( )
) is a condition for the optimal population level. If σ >(<) 1,
0 is required and fulfilled for any positive Frisch parameter.
As the Hamiltonian of the households dynamic problems defined above is already maximized for given N t+i , when we derive with respect to N t+1 -analogous to indirect utility in [4] , the envelop theorem applies and we only have to take the direct derivative with respect to N-terms and the second derivative with respect to N should be negative. For this we need
and because of (4') also σ > 1. For our iso-elastic utility case, production has unit substitution elasticities and labour supply should have a positive elasticity for
Equations (1)- (3) do not have N t+1 terms. 3 The first and the last effect are very similar to that of an increased survival probability in [8] . First-order conditions from household's utility maximization for consumption c and labour L can be derived to find, together with (2),
This can be compared to our serendipity condition (4') in order to find the difference with the market equilibrium after making exponents comparable to (4'):
The equality form of the serendipity condition (4') is
Equating right-hand sides of (4'') and (5') we get
Other first-order conditions for the dynamic problem of the household are shown in [11] . Together with Equations (1)- (3) 
where g h is the endogenous growth rate of productivity h and it is constant in the steady state, which has no transition as the model can jump to its solution for e, b, r(b,) X, and all other variables. Whereas the model solution (7) 
Comparison of (6) and (7) as well as (4'') and (8) show that the serendipity condition is not redundant and could determine the population growth rate.
Calibration and Population Policy
The relevance of the serendipity theorem stems from the current problem of ageing based on the fall of population growth in the second half of the 1960s. The question then is how far population levels and growth rates are away from the optimum. We extend the calibration in Gaessler [11] to calculate the optimal population growth rate from equation (4' The debt elasticity of the interest rate is a highly non-linear estimated function which depends on the debt/ratio itself [14] . Its values as well as those of the interest rate are part of the solution of the model. As indicated above the model can be reduced to a system in e and b depending on exogenous population growth rates. Table 1 shows results for alternative low population growth rates.
The last column of Table 1 shows that the population growth rate according to the serendipity condition in terms of growth rates are hard to distinguish from those put in by assumption in the first column. At these low levels of population growth there is essentially no incentive for population policies. If the population gets older, this can perhaps be captured by a higher Frisch parameter if labour supply reacts more sluggishly to wage increases. Table 2 presents solutions of the model and for optimal population growth in the last column. Higher Frisch parameters imply higher optimal population growth rates between 0.0015 and 0.00225 when the model assumes a population growth rate of 0.002. Larger Frisch parameters therefore can be seen as an incentive for policies towards higher population growth. The most serious part of the problem of ageing may be the increase in the loss of human capital. In Table 3 we provide alternative solution of the model for different rates of human capital depreciation. Again, the deviations of the optimal population growth rate from equation T. Ziesemer rate of technical change and labour supply growth. However, the deviation of the assumed from the optimal population growth rates are substantial only for variations of the Frisch elasticity, that is if ageing changes labour supply elasticities. Equation (4) and its variations therefore broaden the serendipity results discussed in the introduction to the area of endogenous growth.
Conclusion
The serendipity theorem, suggesting that some rates of population growth may be better than others, turns out to be relevant in the third-best endogenous growth model with imperfect international capital movements as foreign debt,
